Let F be a finitely generated field of characteristic zero and Γ ≤ GL n (F) a finitely generated subgroup. For γ ∈ Γ, let Gal(F(γ)/F) be the Galois group of the splitting field of the characteristic polynomial of γ over F. We show that the structure of Gal(F(γ)/F) has a typical behavior depending on F, and on the geometry of the Zariski closure of Γ (but not on Γ).
Let H be the Zariski closure of Γ, and H o its connected component, so H o is a normal subgroup of finite index, say m, in H. We can now state our main theorem. THEOREM 1.1. Let Γ = Σ ≤ GL n (F ), where Σ is a finite admissible set, F is a finitely generated field of characteristic zero, and Γ = H as above. Assume H o has no central tori (e.g., H o is semisimple). Then there exist a function Π : H/H o →Finite Groups depending only on H and F , and constants 0 < c,β ∈ R, depending only on H, F, Σ such that for any random walk w : N → Σ, and any k ∈ N P(Gal(F (w k )/F ) Π(H o w k )) ≤ ce −βk i.e., for any coset H i of H o in H, there exists a finite group Π i = Π(H i ) such that given w k is in the coset H i , the probability that its associated Galois group is isomorphic to Π i is approaching 1 at an exponential rate in k.
The theorem is best possible. In Section 6 we will show that the result is not necessarily true if either F is not finitely generated or if H o has a central torus. As we will show there, the theorem can fail in different ways, but also in the general case one can describe how Gal(F (w k )/F ) behaves, though the description is not that enlightening. As mentioned above, Theorem 1.1 generalizes the main theorem of [12] in several ways: general finitely generated field F , and general finitely generated group Γ. But the most interesting aspect is the fact that when m > 1, the typical behavior is not uniform. This can happen even for arithmetic groups. Let us illustrate this by an example: Now for γ ∈ Γ ≤ GL 2n (Z) we will see the following behavior: (i) If γ is in the index two subgroup Λ, then typically Gal(Q(γ)/Q) S n the symmetric group of n elements (this follows from [13] , and in fact from [23] ).
(ii) If γ ∈ Γ \ Λ then typically Gal(Q(γ)/Q) (Z/2Z)wr Ω W r , where r = n 2 , Ω = {a 1 ,b 1 ,... ,a r ,b r }, and W r = (Z/2Z)wrS r , the group of signed permutations of r pairs of elements, acting on Ω in the natural way. The fact that we get in (ii) an extension of a finite abelian group by the Weyl group of a smaller semisimple group is not accidental. In fact, what comes into the game is the "Weyl group of the coset" SL n ·τ (see [18] ) which is an extension of an abelian group by the Weyl group of the group of fixed points of τ in SL n .
Let us say a few words about the proof: By some field theoretic argument, one can reduce the problem to the case when F = k a number field. Then Γ is a subgroup of an arithmetic group (or more precisely of an S-arithmetic group). If H is semisimple, we will apply the recent developed sieve method for linear groups (as in [12] , but we will follow [17] and in particular we will use [24] which gives property τ for fairly general subgroups of arithmetic groups). As said, the main novelty of the current paper is the treatment of the non-connected case. Here we show that the "Weyl group of a coset" (as in [18] ) indeed replaces the "Weyl group of the connected component".
There is another aspect of our work which seems worth to be mentioned here: In [12] , the Galois group of an element γ of an arithmetic group Γ is studied over the field of definition for Γ. We study the same problem over general fields F. For an individual element γ ∈ Γ, the Galois group Gal(F(γ)/F) depends very much on the field F, e.g., it is the trivial group if F happens to contain the eigenvalues of γ. The proof of Theorem 1.1 shows, however that for a generic γ ∈ Γ, F(γ) contains a fixed finite extension F of F. Then Gal(F(γ)/F ) = Gal(F (γ)/F ) depends only on H = Γ and neither on F or Γ, as long as F is finitely generated. The next result shows that the finite generation of F is crucial for generic behavior: THEOREM 6.1. Let H := SL n , n ≥ 5, Γ := H(Z). Let Σ be a finite generating set of Γ, and let X k be the corresponding random walk. Then for any pair of subgroups G = (G 1 ,G 2 ) of the alternating group Alt(n) there exists an algebraic extension F G of Q, and sequences {n i (G)}, {k i (G)}, such that
The paper is organized as follows: We will start in Section 2, by defining the groups Π 1 ,... ,Π m associated with the various cosets H 1 ,... ,H m . We further show that when γ ∈ H i , there is a map from Gal(F (γ)/F ) to Π i = Π(H i ). In Section 3 we assume F is a finite field, and prove some properties of Cartan subgroups and Weyl group, that lay the background for Section 4, where we assume that F = k is a number field and H o is semisimple and prove Theorem 1.1 in this case using the sieve method (leaving the reduction of the general case to Section 5). In Section 5, we will prove the reduction from general groups and general fields to number fields. In Section 6, we will give various examples illustrating the various possibilities of Π(H i ). In the last two sections we will explain how Theorem 1.1 can fail if either F is not finitely generated or if H o has a central tori. We also include two appendices developing further over [18, 22] some results we need on "Weyl groups of cosets" and on k-quasi-irreducibility.
1.1. Notations. Throughout the paper we will use the following notations. For a set X, we denote by |X| the cardinality of the set. We write A = O(B) or A B if there exists an absolute constant C ≥ 0 such that A ≤ CB. For a group G, we denote by G the set of conjugacy classes, and for an element g ∈ G, [g] ∈ G is the conjugacy class containing it. For an element g ∈ G and a subgroup H < G, denote Z H (g), the centralizer of g inside H, that is the subgroup of elements in H commuting with g. We use F for an ambient field, F its algebraic closure and k for a number field. For an algebraic group G, G o denotes the connected component of G.
2. Splitting fields of elements in algebraic groups. Let F be a perfect field, Σ ⊂ GL n (F) a finite set. Denote by Γ := Σ , and H := Γ its Zariski closure. In the following section we will construct for any coset H i of H o in H a finite group Π(H i ), such that for any element h ∈ H i ∩ Γ the Galois group of the splitting field of its characteristic polynomial, denoted by Gal(F(h)/F), is a quotient of a subgroup of Π(H i ). To do so we recall some properties of diagonalizable groups over perfect fields.
Diagonalizable groups.
A linear algebraic group D defined over a perfect field F is called diagonalizable if there exists a faithful rational representation ρ : D → GL n such that ρ(D(F)) is contained in the group of diagonal matrices. For such a group D, denote by X(D) the group of characters χ : D → G m , where G m is the one dimensional torus. The group Gal(F/F) acts on D, and on X(D) by
) be the homomorphism such that φ D (σ)(χ) = χ σ , and denote by F D the fixed field of ker(φ D ). We call this field the splitting field of D. It is a finite Galois extension of F. The group D is said to be split over F is its splitting field is F. In fact the following conditions are equivalent:
(i) The action of Gal(F/F) on X(D) is trivial.
(ii) There exists a faithful F-rational representation ρ : D(F) → D n (F) where D < GL n is the group of diagonal matrices.
A connected diagonalizable group is called a torus. In fact every diagonalizable group D is of the form D o × F , where D o is a torus, and F is a finite group.
Cartan subgroups.
In the theory of connected algebraic groups, the notion of a maximal torus plays a central role. But, for non-connected groups this notion is not enough. We therefore recall the following definition of Cartan subgroup (cf. [18] ). Let H be a linear algebraic group. Definition 2.1. A Zariski closed subgroup C < H is called a Cartan subgroup if the following conditions hold:
Let H i be a fixed coset of H o , and denote by
We call the elements of C i the Cartan subgroups associated to H i . In [18] some properties of Cartan subgroup are proved. We list in the proposition below some of them that are needed in this paper PROPOSITION 2.2. Let H be a linear algebraic group such that H o is reductive, and let H i be a coset of H o in H.
(i) Every semisimple element g ∈ H i is contained in a Cartan subgroup associated to H i . In fact if T is a maximal torus in (Z H o (g)) o , then the group T, g is a Cartan subgroup.
(iii) Any two Cartan subgroups C 1 ,C 2 ∈ C i , are conjugate by an element of 
F-Cartan subgroups.
Since in this paper the base field plays an important role, the notion of F-Cartan subgroup is in order. As above, let H be a linear algebraic group, defined over a field F (in general not algebraically closed), and let H i be a coset of the connected component H o . Denote by
We say that the coset H i splits over F if there exists an F-Cartan subgroup associated to H i , (i.e., a member of C i (F)) that splits over F (note that this notion agrees with the case of connected groups, where a group is said to split over F if it contains an F-split maximal torus). We also define the splitting field of H i to be
Recall that for a Cartan subgroup C ∈ C i (F) the Galois group Gal(F/F) acts on X(C). Denote by F C the splitting field of C. Let C ∈ C i (F) be a fixed F-Cartan subgroup. The outer Weyl group W (H i ,C) acts on C, and therefore also on X(C), and can be mapped into Aut(X(C)). We denote its image by W (H i ,C), and denote this action by w · χ = χ(w(c)) for χ ∈ X(C), and c ∈ C. Notice that by Corollary A.7 the group N H o (C)/Z H o (C) contains the Weyl group of C o (seen as a maximal torus of (Z H o (g)) o for g ∈ C ∩ H i ), and therefore this group acts simply on the X(C o ), and thus W (
are also defined over F, and hence the Galois group Gal(F/F) acts on the outer Weyl group W (H i ,C), and on W (
In particular, if C splits over F, and so the action of the Galois group is trivial on
We can now define the group Π(H i ) that will contain as a subquotient the Galois group of the splitting field of the characteristic polynomial of every element in H i . Let C ∈ C i (F) be an F-Cartan subgroup of H associated to H i . Denote by Π(H i ,C,F) the subgroup of Aut(X(C)) generated by the image of W (H i ,C) and φ C (Gal(F C /F)). Let C 1 be another F-Cartan subgroup of H associated to H i . Then C 1 and C are H o -conjugate, that is there exists an element h ∈ H o such that C = h −1 C 1 h. Notice that since both Cartan subgroups are defined over F, we have that for any σ ∈ Gal(F/F) the element h −1 σ(h) normalizes C, and therefore it defines an element of W (H i ,C), and therefore an element of W (H i ,C o ). Denote this element by w σ . Denote by f :
Under the above notations, we have:
We therefore get that
which equals the isomorphism of C given by w σ . This proves that
and is therefore an element of Π(H i ,C,F), and we also proved (iii). To finalize the proof of part (ii) we need to see the isomorphism of the Weyl groups: we note
For the last part, if H i splits over K, we may then take C as a split Cartan group. We therefore get by (5) that
which is an element of W (H i ,C 1 ) by part (ii) of the proposition.
For a fixed field F, the group Π(H i ,C,F) is unique up to isomorphism, and the isomorphisms Π(H i ,C,F) →Π(H i ,C , F) are unique up to inner automorphisms of H o . We can therefore denote it by Π(H i , F), and the set of conjugacy classes Π(H i ,C,F) are unambiguous and we will denote it by Π(H i , F) . Notice that by the last part of Proposition 2.3 we have that if H i splits over F, then Π(
For a coset H i and an F-Cartan subgroup C associated to H i we denote
) (notice that the definition of F W i is independent of C by Proposition 2.3(ii)). Although H i does not necessarily split over its splitting field F i , the following lemma shows that some connection with the splitting property still holds. LEMMA 2.4. Let F, H, and H i be as above. Then (i) For any F-Cartan subgroup C associated to
(ii) For any F-Cartan subgroup C associated to H i , the following holds:
There is an exact sequence:
Furthermore, the group Π(H i ,C,F) satisfies the following exact sequence
(iii) Functoriality of Π: For any finite field extension E/F,
In [22] , Prasad and Rapinchuk show that if H is connected, then F W i is the smallest field L such that H is an inner form over L.
(ii) Part (iv) will allow us, in the proof of Theorem 1.1, to assume that H i splits over F.
). Furthermore, as mentioned above, by Proposition 2.3(ii), it is independent of C. The field F i ⊂ F is the fixed field of W φ , which is the finite extension of F satisfying that it is the minimal extension of F such that φ C (Gal(F/L)) ⊂ W (H i ,C). For a Cartan subgroup C 1 , by Proposition 2.3(iv) we have that F W i ⊂ F C 1 . Since C 1 is arbitrary, we get that F W i ⊂ F i . (ii) (a) As ker(φ C ) = Gal(F/F C ), we get by the first part that Gal(F C /F i ) is isomorphic to a subgroup of W (H i ,C).
(b) By (i), F W i ⊂ F C , and therefore Gal(F/F C ) ≤ Gal(F/F W i ). Also by the definition of F W i , and the fact that ker(φ C ) = Gal(F/F C ), we get that
By definition, Π(H i ,C,F) is generated by φ C (Gal(F/F)) and W (H i ,C).
. Therefore, by the computation above, we have that
(iii) Since φ C (Gal(F/E)) is a subgroup of φ C (Gal(F/F)), and by the definition of the groups, we get that Π(H i ,C,F) ≤ Π(H i ,C,E).
(iv) By (6) and (7) , we get that for any field K, φ C : Gal(F/K) → Π(H i ,C,K) is surjective if and only if the image contains W (H i ,C). Therefore, if there exists a field E such that φ C :
Notice that if H i splits over F, then the image is in fact inside W (H i ) . In section A.2 we define the notion of regular semisimple elements. A semisimple element is called regular if the connected component of its centralizer in H o is a torus. From Proposition A.1(ii) it follows that such an element g ∈ H i is contained in a unique Cartan subgroup associated to H i that we denote C g . Note that when g ∈ H i (F), then C g is defined over F. Using this we can extend θ σ , defined above for Cartan subgroups, to the set of regular semisimple elements in H i (F), which we denote (H i (F)) sr . We do this by defining for an element σ ∈ Gal(F) the map θ σ :
The following proposition shows that in the case where char(F) = 0, for any element h ∈ H i (F), the Galois group of the splitting field over F of the characteristic polynomial of h is a subquotient of Π(H i , F). Proof. Let h ∈ H i (F). By Jordan decomposition there exists a unique pair h s ,h u ∈ H(F) with h s semisimple, and h u unipotent, such that h = h s h u = h u h s . Furthermore, since h u is unipotent, the group generated by it is connected and
(by Lemma 2.4) the second part follows in a similar way.
Outer Weyl groups and reduction modulo primes.
In this section we apply the above construction in the following setting: Let F = k be a number field, Σ ⊂ GL n (k) a finite set, Γ = Σ , H = Γ. Let O k be the ring of integers of k. There exists a finite set of places S, such that Γ ⊂ GL n (O k,S ) ∩ H =: H(O k,S ). A significant role in this paper is played by the Frobenius conjugacy class. We give here a reminder for that. Let p O k be an unramified prime ideal, and let k p , O p be the corresponding field completion, and valuation ring, respectively. Let F p be the residue field, and π p : O p → F p be the residue map. Denote by k nr p ⊂ k p the maximal unramified extension, and the algebraic closure of k p of k p , respectively. It is a well known fact (cf. [5, Chapter V]) that Gal(k nr p /k) Gal(F p /F p ) are isomorphic, and thus there exists a unique element denoted Frob p that corresponds to the generator of Gal(F p /F p ) (denoted also by Frob p sending x → x N (p) , where N (p) is the cardinality of F p ). For an embedding k → k p corresponds an inclusion Gal(k p /k p ) → Gal(k/k), which defines an element Frob p ∈ Gal(k/k). This element is defined up to a conjugation, and thus defines a conjugacy class of Gal(k/k), and, as in Section 2.3, defines a map from the regular semisimple elements of H i (k) to conjugacy classes of Π(H i ,k). That is, the following map
is well defined.
Let us now consider the reduction modulo prime ideals. Note that since H is defined over k, by a finite number of polynomials, H and therefore also H o , and any coset of it, are defined over F p for almost all prime ideals p (depending only on H), by using the same polynomials defining H, regraded as polynomials over F p . Notice also, that given a coset H i , the Weyl group W (H i ), seen as N H o (C)/C o for a k-Cartan subgroup C is also defined over F p for all large enough p, and in fact as it is finite, it is isomorphic to the Weyl group defined over k. In order to distinguish between these groups over different fields, we denote W (H i,F ),W (H i,F ,C), when regarding the Weyl group over any field F. The goal of this subsection is to prove the following proposition: 
(ii) For any p ∈ S there exists a bijection α :
, where x is as given by Proposition 2.3(iv) . In particular, we have that the following diagram commutes:
Remark 2.8. Notice that since H i is assumed to be split, there exists a Cartan subgroup C associated to H i that splits, and therefore for all but finitely many primes, H i splits also over F p . In particular θ Frob p ∈ W (H i ) . Throughout the proof we will assume that the set S contains the finite set of exceptional primes. Let C be a fixed split Cartan subgroup, and S be such that C splits for all p ∈ S . Furthermore, let A(C o ) be the set of roots of C o . Since C splits, also C o does, and choose S such that for all p ∈ S the elements of A(C o ) are defined over F p (that is, can be reduced modulo p), and are all different. Notice also that if an element h is inside the kernel of a root of C o , then its reduction modulo any prime will also be inside the kernel kernel of the reduction of this root. Therefore, by the proof of Proposition A.9 this shows that if π p (h) ∈ V (F p ) then π p (h) is regular semisimple, and part (i) is proved. For the second part, we follow Lemma 3.2 in [12] . We first construct the bijection α :
As it is split, it is also an F p -Cartan subgroup for all p ∈ S . Let p ∈ S be an unramified prime. The following maps
are indeed injective and surjective (notice that the latter is surjective by Hensel's Lemma, and the fact that C 0 splits), and since W (
are isomorphic (recall that these groups are isomorphic for p outside a finite set by the discussion before the proposition). Therefore, they are both isomorphisms, and as such define a bijection between conjugacy classes. 
. By the definition of the bijection of conjugacy classes, the result is proved.
Outer Weyl groups over finite fields.
In this section we prove some properties of outer Weyl groups for groups defined over finite fields. Here H is a linear algebraic group defined over the finite field k = F q of q elements, H o , its unit component, is semisimple, and we fix a connected component H i which is assumed to be split over k. We recall first the definition of the function θ defined in the preceding section. For a Cartan subgroup C, we have defined in Section 2 a homomorphism
be a semisimple regular element, and let C h be the unique Cartan subgroup containing it. Denote by Frob the Frobenius element in Gal(k/k). We defined in Section 2 the following functions
and
We abbreviate θ := θ Frob . Our goal in this section is to prove that for a fixed connected component H i , and for a fixed conjugacy class Suppose that F has only finitely many fixed points. Then the map
Throughout this section, denote for any Cartan subgroup C, π : 
Since w ∈ W F , we get that n = Frob(n) (mod C o ), and so from (12) we get that
Applying the Lang-Steinberg theorem for C o 2 ,k and Frob, we find that there exists g ∈ C o 2 such that
The converse direction is clear.
since C splits which implies that π(x) = π(Frob(x)), we get that w −1 π(x)w = π(x). By [4, Section 1.17] we have that N (k)/C o (k) is isomorphic to (N/C o )(k), the subgroup of W (H i ,C) consisting of Frobenius fixed points, that is W F (H i ,C) , which concludes the proof of the second part. 
Proof. Denote by C i (k, U ) the set of Cartan subgroups C ∈ C i (k) such that θ(C) = U . This is a nonempty set by Lemma 3.2. Let C 1 ∈ C i (k, U ) be a fixed Cartan subgroup. Then
Where in the last line we use the fact that if C, C are H o (k)-conjugate then θ(C) = θ(C ). Since the non regular semisimple elements are inside a proper subvariety, by Lang-Weil Theorem (cf. [14] )
where C(H i ) is a constant depending on the rational functions defining the subvariety containing the non regular semisimple elements. We now get that
where in the first equality we use |H o (k)| = |H i (k)|, and in the last line the A is the constant in Lemma 3.4 and we use that the size of a conjugacy class U in
Proof of theorem 1.1 for number fields.
In this section we prove the following theorem which is the special case of Theorem 1.1 under the assumption that F = k is a number field. We recall that a subset Σ in a group Γ is called admissible if Σ = Σ −1 and satisfies that Cay(Γ, Σ) is not bipartite. This can be achieved if the elements of Σ satisfy an odd relation. In general this is true if Σ is not contained in the complement of a subgroup of index 2. Remark 4.2. The constant c(Σ) depends in fact on the τ constant of Γ with respect to Σ and the sequence of normal subgroups as is given by Theorem 4.7, and on invariants of the group H such as the dimension of H, and the degree of the subvariety containing the non regular semisimple elements. All of those are fixed once Σ is fixed, however the dependence on Σ cannot be dropped. We note also that the dependence on the set itself may be dropped given a result of strong uniform expander property for groups Γ as in the Theorem. In fact a generalization of Theorem 1.1 of [2] to more general groups will suffice to remove the dependence on the set Σ and remain with properties of it, such as its size and shortest odd relation in it, as well as on Γ.
We first recall the basic setting from the previous sections. Let H be an algebraic group with H o semisimple. Let H i be a coset of H o . For a semisimple regular element h ∈ H i , let C h be the unique Cartan subgroup associated to H i that contains h. We have constructed a homomorphism φ h :
. In order to justify our focus on Cartan subgroups instead of elements we need the following definition generalizing similar notions from [22] . There exists c 2 > 0 such that for all n ∈ N P(w n ∈ Z 1 ) e −c 2 n .
We first conclude the proof of the Theorem 4.1 assuming the above lemmas, by showing that the complement of the set
is contained in a finite union of exponentially small sets. By Lemma 4.5, we may assume that if γ ∈ H i then γ is regular semisimple without H i -components of finite order. In particular, for such γ ∈ Γ ∩ H i , C γ := (Z H o (γ)) o ,γ is the unique k-Cartan subgroup associated to H i containing γ, and by Lemma 4.4, that Gal(k C γ /k) = Gal(k(γ)/k). We therefore concentrate our attention from now on to elements in Cartan subgroups, and Galois groups of splitting fields of them. We want to show that for any coset H i , most elements C of C i (k) satisfy Gal(k C /k) Π(H i ,k). By Lemma 2.4(iv) Gal(k C /k) Π(H i ,k) if there exists a finite extension K of k, such that Gal(K C /K) Π(H i ,K). We may therefore assume, by replacing the field k with a finite extension, that all cosets of H o split over k. In particular, we have that Π(H i ,k) = W (H i ). Using a well known theorem of Jordan, stating that for any finite group, a proper subgroup must have an empty intersection with at least one conjugacy class, we have that if C ∈ C i (k) satisfies that the image of Gal(k C /k) W (H i ,C), then there exists a conjugacy class U ∈ W (H i ) , such that for any σ ∈ Gal(k/k), θ σ (C) = U . We therefore have the following inclusion:
and since this is a finite union, it suffice to show that each set is exponentially small, which is the content of Lemma 4.6 and Lemma 4.5, and thus the Theorem is proved.
Sieve method.
As mentioned in Section 1, in the case where H o is semisimple, we apply the sieve method for linear group. An important ingredient for this, as is illustrated in [13] , and in [17] is property-τ . We recall here one of the definitions which is most relevant to the sieve method. For more details see [16] .
(i) Let G = (V, E) be an undirected d-regular graph, and let A G be its normalized adjacency matrix. It is known that the eigenvalues of A G , λ 1 ≥ λ 2 ≥ ··· ≥ λ |V | , satisfy λ 1 = 1, and λ |V | ≥ −1. The Spectral graph of A G is defined to be 1 − λ 2 . A family of d-regular graphs is called -expander if the spectral gap of every graph G in the family is ≥ .
(ii) Let Γ be a finitely generated group, and let N be a family of finite index normal subgroups of Γ. The group Γ is said to have property-τ with respect to N , if for some generating set Σ and some > 0, the family of graphs {Cay(Γ/N, ΣN/N )} n∈N is -expander.
The following theorem of Salehi-Golsefidy-Varjú [24] gives a necessary and sufficient condition for a finitely generated subgroup of GL n (Q) to have propertyτ with respect to the kernels of reductions modulo squarefree integers. Recall that if Γ < GL n (Q) is finitely generated, then there exists a squarefree integer q 0 such that for any integer q coprime to q 0 the reduction modulo q, π q : Γ → GL n (Z/qZ) is well defined. THEOREM 4.7. Let Γ ⊂ GL n (Z[ 1 q 0 ]) be the group generated by a symmetric set S. Then {Cay (π q (Γ),π q (S))} q form a family of expanders when q ranges over square free integers coprime to q 0 if and only if the connected component of the Zariski closure of Γ is perfect.
Proof of Lemma 4.5. Assume, without loss of generality, that H
(that is the product with H (j,i) dropped) be the reduction map from H onto the adjoint representation of H (j,i) . Notice that if x = x 1 ··· x r ∈ H o is such that x j is of finite order, then π (j,i) (x) has finite order. The proof will follow from Proposition 2.7 and the following Proposition 2.7 from [17]: 
There is c > 0 such that for every coset κ ∈ Γ/Λ and every j ≥ s
Then there exist α, t > 0 such that P ({w n ∈ Γ : w n ∈ Z}) ≤ e −αn ∀n ≥ t log s. Remark 4.10. As stated in [17] , the constants α, t depend only on the spectral gap of the family of expanders, the size of Σ, the length of the shortest odd cycle in Cay(Γ, Σ), and the constants c, d.
By Proposition 2.7 there exists an open non-empty subset V defined over k and a finite set of primes S , such that the following set
is contained in the following
is the reduction modulo p, which is defined for all p ∈ S . Thus it suffices to show that the latter is exponentially small. For this goal we will use Theorem 4.9. In order to define the sequence of normal subgroups {N i } i≥s , and the subgroup Λ < Γ we use the following Proposition PROPOSITION 4.11. Let k be a number field, Δ = g 1 ,... ,g r ,g i ∈ GL n (k) a finitely generated group, such that G := Δ is connected and semisimple. Let ψ : G → G be the simply connected cover of G. Then there exists a set P of primes of O k , the ring of integers of k, of positive density such that for any p ∈ P, the reduction modulo p of Δ is defined, and π p (Δ) ⊂ ψ( G(F p )).
Proof. Let Δ := ψ −1 (Δ). This is a subgroup of ψ −1 (G(k)) ⊂ G(K) where K is a finite extension of k. Since Δ is finitely generated the entries of its elements are S-arithmetic for a finite set S of primes of K. By Chebotarev's density Theorem (cf. p. 143 in [9] ), there exists a set of positive density of primes P of O k , that totally split in K, that is for any prime ideal P O K,S such that P|p, O K,S /P O k /p F p and thus when reducing Δ mod p we have (ii) Condition (ii) holds since P has positive density inside primes, and therefore by Landau's Prime Ideal Theorem (cf [19, Theorem 8.9] ) the i-th prime ideal in the sequence will have N (p) ≤ 2i/μ, where μ is the density of the set, and by the
(iii) Condition (iii) holds since by the Strong Approximation Theorem (see e.g., [27, 
(iv) For Condition (iv), let κ ∈ Γ/Λ, and let H i be the coset of H o such that κ ∈ H i . Let p ∈ P, and write κ = Λγ, where γ ∈ κ. For a regular semisimple element h ∈ κ such that π p (h) is also regular semisimple, denote C h,p the unique Cartan subgroup containing π p (h). Then
Where the last equality is since
by Proposition 4.11. Let C 1 ∈ C i (F p ) be a fixed Cartan subgroup (provided by Lemma 3.2) satisfying θ(C 1 ) = U . Since H i splits over F p , and by Lemma 3.2 the complement set of the latter set contains the following union of sets
In the last inequality we used the fact that ψ H(F p ) is a normal subgroup of H o (F p ), and that
By Lemma 3.4 and as ψ H o (F p ) is a normal subgroup of bounded index in H o (F p ) we get that there exists a constant c > 0 such that the last expression is bounded below by c ψ H(F p ) . We thus find that 1 − |π p (Z)|/|π p (Λ)| ≥ c > 0, which shows that condition (iv) holds. Since all conditions of Theorem 4.9 hold, this concludes the proof of Lemma 4.6.
Arbitrary groups.
We conclude this section by proving Theorem 1.1 over number fields, for any group H such that H o does not contain a central torus.
The following lemma was proved in [12] (Lemma 2.3) LEMMA 4.12. Let k be a field of characteristic 0, and Γ < GL n (k) a subgroup. Let G = Γ be the Zariski closure of Γ, R u (G) the unipotent radical of G o , and π u : G → G/R u (G) the reduction map. Then for any g ∈ G(k), k(g) = k(π u (g)).
Then by the assumption that H o does not contain a central torus we get that π u (H o ) is semisimple. By Lemma 4.12, k(γ) = k(π u (γ)). For a coset H i of H o , let Π(H i ,k) = Π(π u (H i ),k). Then we get that P(w n ∈ {γ ∈ Γ : Gal(k(γ)/k) = Π(γH o ,k)}) ≤ P(π u (w n ) ∈ π u (γ) ∈ Γ : Gal(k(π u (γ))/k) = Π(π u (γH o ),k) ) which by Theorem 4.1 is exponentially small.
From number fields to finitely generated fields.
In the previous section we proved Theorem 1.1 for the case when F = k is a number field. The goal of this section is to prove the same result for the general case of finitely generated field F. This will be done using the procedure of specialization.
Let us recall the notations of Section 2: Let F be any characteristic zero field, H an algebraic subgroup of GL n defined over F, H o its connected component and {H i } m i=1 the cosets of H o in H. For every 1 ≤ i ≤ m we defined a group Π(H i , F) and we showed (Proposition 2.6) that for every h ∈ H i (F), Gal(F(h)/F) is isomorphic to a quotient of a subgroup of Π(H i , F). By Lemma 4.12, we can assume that the connected component of the Zariski closure of Γ is semisimple. In Section 4 we proved Theorem 1.1 for the case where F = k is a number field and H o is a semisimple group, namely we showed that if Γ = Σ is a finitely generated subgroup of H(k), then outside an exponentially small subset of Γ, Gal(k(γ)/k) is isomorphic to Π (H o γ, k) . Now, if we turn to the general case of finitely generated field F, and Γ = Σ is a Zariski dense subgroup of H(F) ⊂ GL n (F), then Γ ⊂ GL n (A) where A is some finitely generated Q-algebra over F, with F being its field of quotients. If ϕ : A → k is a ring homomorphism (in fact Q-algebra homomorphism) onto a number field (such ϕ is called a specialization), then ϕ induces a group homomorphism ϕ : GL n (A) → GL n (k),and for every h ∈ GL n (A), Gal(k(ϕ(h))/k) is a quotient of Gal(F(h)/F). Let Γ be the image of Γ, so it is generated by Σ = ϕ(Σ), and H be the Zariski closure of Γ. In Proposition 5.1 below, we will show that for any coset H i there exists such a specialization ϕ i with H o ,H i isomorphic to H o ,H i , and such that Π( H i ,k) = Π(H i , F). Once Proposition 5.1 is proved, Theorem 1.1 holds for any finitely generated F and H o semisimple. Indeed, we know on one hand that for h ∈ H i , Gal(F(h)/F) is a subquotient of Π(H i , F). On the other hand Gal(k(ϕ i (h))/k) which is a quotient of Gal(F(h)/F) is isomorphic, for almost all h, to Π( H i ,k) Π(H i , F). This implies that Gal(F(h)/F) is isomorphic to Π(H i , F) for almost all h ∈ H, i.e., outside an exponentially small subset.
We are left to prove: . .. ,y r ) be a finitely generated field, Γ ≤ GL n (F) a finitely generated group with semisimple Zariski closure H. For a connected component H i denote Γ i := Γ ∩ H o ,H i . Then for any connected component H i , there exist a finitely generated Q-algebra A i = Q[x 1 ,... ,x r ], a number field k, and a Q-algebra homomorphism ϕ i from A i to k i , inducing a group homomorphismφ i : GL n (A i ) → GL n (k i ) such that:
The proof of Proposition 5.1 is a consequence of the following lemmas LEMMA 5.2. Let K be a number field, R = K[x 1 ,... ,x l ] a finitely generated integral domain over K, F = Quot(R) the field of quotients of R, E a finite Galois extension of F and S the integral closure of R in E. Then there exists a K-epimorphism ϕ from S onto a finite extension E of K, such that if we denote F = ϕ(R), then E is a Galois extension of F and Gal(E/F ) = Gal(E/F ).
Proof. By Noether's normalization Lemma, let t 1 ,... ,t r ∈ R be algebraically independent over K, such that R is integral over R 0 = K[t 1 ,... ,t r ] (cf. [6] Proposition 5.2.1). Denote F 0 = Quot(R 0 ). Let z ∈ S be a primitive element for E/F 0 , and let f = f (t 1 ,... ,t r ,Z) ∈ R 0 [Z] be the irreducible polynomial of z over F 0 . Since K is a Hilbertian field, there exists a = (a 1 ,... ,a r ) ∈ K r such that f (a, Z) is separable and irreducible over K, and deg(f (a, Z)) = deg(f (t, Z)). Since S is integral over R 0 , we can extend the specialization t → a to a K-homomorphism ϕ from S onto a finite extension E of K. Denote by F = ϕ(R), and get that
and therefore [E : Proof. This is proved in [15, Theorem 4.1] for the case where H is a connected simple group. The proof works word by word if H is semisimple and connected, as long as we are in the characteristic zero. (The remark there before Theorem 4.1 warns that the proof is more complicated for semisimple groups, but this is because of the positive characteristic cases. In these cases H has many finite subgroups. In characteristic zero all of them lie in a proper subvariety, while in positive characteristic they do not.) In fact the proof in [15] shows that the result holds for an open subset of Spec(A). Now, to get the non-connected case, we use Proposition A.3, to get that if H/H o is cyclic, then there exists a finite cyclic group J such that H = H o J. We can assume J is inside GL n (K) where K is some number field, and we can replace A by KA, and use [15, Theorem 4.1] when this time we take a Khomomorphism from KA to k, a number field containing K. It is easy to see that different connected components give different cosets of ϕ(Γ) o , as these cosets are represented by elements of J on which ϕ acts trivially.
We are now ready to prove Proposition 5.1: Fix a connected component H i , and assume H = H o ,H i . We can clearly choose A i ⊂ F satisfying (i) and (ii) since Γ and F are finitely generated. Lemma 5.3 shows that we can choose ϕ i so thatφ i satisfies also 5.1. Moreover, this is so for an open subset of Spec(KA) where K is the number field defined in the proof. Finally we recall that by Lemma 2.4, for every connected component H i , Π(H i , F) satisfies the following exact sequence:
where F W are the SL n components, and clearly H splits over L. We therefore get that Π(H, Q) = S d n , Gal(L/Q) S n wr Gal(L/Q). This example can be generalized by replacing SL n with any other semisimple group G. In that case, H = Res k Q (G), Γ = H(Z), and we get that Π(H, Q) W (G)wr Gal(L/Q).
Non connected groups.

Groups with irreducible Dynkin diagram.
Let H := SL n τ , where τ is the automorphism of SL n sending A → ( t A) −1 , and Γ := H(Z). A representation ρ : H → GL 2n is given by
In order to have a better understanding of W (H o τ ), we first give examples of two Cartan subgroups associated to H o τ . We use here some computation done by Mohrdieck in [18, Section 2,3]. Since τ is of finite order, then it is contained in a Cartan subgroup. Let C τ be such a group. Then C o τ is a maximal torus of Z SL n (τ ) = SO(n). Mohrdieck showed (see [18, Page 379] ) that if n = 2k +1, under the notations of Lemma A.6, then
where the subscript stands for vectors with sum zero. For the second example, assume n = 2k is even, and denote
Again Jτ is of finite order, and therefore contained in a Cartan subgroup. Denote C Jτ such a group. Again C o Jτ is a maximal torus in Z SL n (Jτ ) = Sp n . Notice that the centralizers of τ, Jτ are of different types, however they are of the same rank, k, and W C Jτ = W (Sp n ) = (Z/2Z) k S k . By Lemma A.6, for the connected component
where n = 2k if n is even or n = 2k + 1 if n is odd, and as computed in [18, Remark 2] (T C /(C Jτ )) Jτ = (Z/2Z) r , where r = n − 1 − k is the difference between the ranks of the A n−1 type group and B k type. We therefore get that for both cases, n even or odd,
where Ω is a set of k signed pairs, and W k acts on Ω in the standard way.
Groups with reducible Dynkin diagram. Let
where τ is the automorphism that cyclicly permutes the SL n factors, and Γ := H(Z). A representation of ρ : H → GL nd is given in a similar way to the previous example. Notice that this representation is in fact into GL(V ⊕ ··· ⊕ V d times ) permuting the V factors, where V is n-dimensional. In particular, since ρ(τ ) permutes the factors isomorphic to V cyclicly, we find that if λ is an eigenvalue of an element ρ(Aτ ), then λζ d is also an eigenvalue for every ζ d an d-th root of unity. In particular Q(ζ d ) is contained in the splitting field of H o τ . The Weyl group in this case by a similar computation is W (H o τ ) = (Z/dZ) n−1 S n , and
The situation can be described by the following diagram of tower of fields extensions: Let γ ∈ H o τ , then in the generic case .
Then H = Γ = * * ∪ * * . Let Σ := {A, A −1 ,J,I 2 } be an admissible generating set, where I 2 is the identity element, and let X k be the k-th step of the random walk generated by Σ.
then J must appear an odd number of times, and therefore, if k is even, ab is a square if and only if N I := |{i : s i = I 2 }| is odd, which occurs with probability 1/2 − (1/2) n . On the other hand, if k is odd, then ab is a square if and only if N I is even which occurs with probability 1/2 − (1/2) n . In particular we get that
That is, there is no typical behavior for the non connected component.
Not finitely generated fields.
In this example, we show that if the field F is not finitely generated, then again it is possible that there is no typical behavior for the Galois groups. We prove the following: THEOREM 6.1. Let H := SL n , n ≥ 5, Γ := H(Z). Let Σ be a finite generating set of Γ, and let X k be the corresponding random walk. Then for any pair of subgroups G = (G 1 ,G 2 ) of the alternating group Alt(n) there exists an algebraic extension F G of Q, and sequences {n i (G)}, {k i (G)}, such that
In particular, this theorem shows that in this case, when the base field is not finitely generated, there is no generic behavior.
Proof. Let R i = {σ 1,1 ,... ,σ r i ,i }, i = 1, 2 be a generating set of G i . Without loss of generality we may assume r 1 = r 2 , and therefore denote |R i | = r. We will construct the field F G as a fixed field of Galois automorphisms σ G 1 ,... ,σ G r ∈ Gal(Q/Q). Let Q (2) be the maximal pro-2 extension of Q. Then for any γ ∈ Γ such that Gal(Q(γ)/Q) = S n , we have Gal(Q (2) (γ)/Q (2) ) = A n . Since A n is simple, we get that Q (2) (γ 1 ), Q (2) (γ 2 ) are linearly disjoint if and only if they are different.
Let n 1 ∈ N be chosen, by applying Theorem 1.1 such that
Let F 1,1 ,... ,F 1,N 1 be the finite set of fields occurring as splitting fields over Q of all possible n 1 -th steps of the random walk with Galois group over Q isomorphic to S n , and set F 1 to be their composite. Let k 1 ∈ N be chosen by applying Theorem 1.1 such that
Denote E 1,1 ,... ,E 1,M 1 the set of fields over Q occurring as splitting fields of all possible k 1 -th step of the random walk (notice that the random walk itself did not change, only the base field) with Galois group over F 1 isomorphic to S n , and set group with G o reductive. A Cartan subgroup of G is a subgroup C < G satisfying the following properties:
A.1. Basic properties. In [18] Section 3, the following is proved:
Let G be as above.
(i) Let h ∈ G be a semisimple element. Then h is contained in a Cartan subgroup. In fact, the subgroup generated by S and h, where S is a maximal torus in
(ii) Let C < G be a Cartan subgroup, and let h ∈ G be such that hC o generates
is a maximal torus, T C , of G o , we get that the intersection of C o with the set of regular semisimple elements of G o contains an open dense subset of C o . To see this, let A(T C ) be the finite set of roots of T C (see [25, Chapter 8] 
This shows that if t ∈ ker(α), then there exists a unipotent element that commutes with it. Since C o is irreducible, we find that if
will contain a unipotent, and therefore can not be a torus. Since the set ∩ α {t ∈ T C : α(t) = 1} is open, contains only semisimple regular elements, and has a non empty intersection with C o , we get the result.
In the following we prove some properties of Cartan subgroups, generalizing those proved in [18, Section 3] . We first prove a structure result on non-connected algebraic groups. 
Proof. Let y ∈ G i be an element in G i . By definition y m ∈ G o , and so let t ∈ G o be such that t m = y m (to find such t write y m = y u y s according to the Jordan decomposition of y m , and find t u in the one parameter unipotent subgroup generated by y u and t s in a maximal torus containing y s such that t m u = y u ,t m s = y s . Notice that this is all possible by the assumption on char(F)). Then t commutes with y, and x = yt −1 ∈ G i satisfies x m = yt −1 m = e, and for all j < m x j = e as it is not in G o . We get that G = G o , x , G . By definition of C, C o and h, we have that this automorphism has only finitely many fixed points (since any fixed point is a C o -coset inside N G (C), and
Since T/C o is connected, we can apply the Lang-Steinberg Theorem (Theorem 3.1 above), to get that the map t → t c h (t −1 ) as a map from T/C o to itself is onto, and therefore t −1 C o is in the image. For the last part: by Corollary 7.5 in [26] there exist a Borel subgroup B g of G o and a maximal torus T g < B g of G o both invariant under conjugation by g. After conjugation by an element of G o , we may have that T g = T h , and B g = B h . We therefore get that 
which concludes the proof.
Another property that we will exploit in this paper is the structure of the Weyl group W (G i ,C) of a given Cartan subgroup. For this we need some notations. Let G be a semisimple linear algebraic group, G i a fixed coset of G o , and C a Cartan subgroup associated to G i (see Section 2.2). Let g ∈ G i ∩ C be a fixed element, and denote by c g the automorphism of G o of conjugation with g. As mentioned above,
the Weyl group of G o with respect to T C , and denote by W C := {w ∈ W : w g = w}, where • g denotes the action of g on W .
LEMMA A.6. Under the above notations we have the following split exact sequence
where (T C /C o ) g is the set of fixed points of the automorphism c g :
Proof. For every n ∈ N G o (C) we have that n ∈ N G o (T C ), and therefore we can define the maps
Assume nC o ∈ ker φ, then nT C = T C , that is n ∈ T C . Furthermore, n ∈ N G o (C), and so ngn −1 ∈ gC o , and therefore c g (nC o ) = nC o showing that the sequence is left exact. For right exactness, let n ∈ N G o (T C ) such that gng −1 = nt, for some t ∈ T C , and hence n −1 gn = tg. By Proposition A.4(ii) we may assume that t ∈ C o . We therefore get that nT C preserves C o g. Furthermore, since C o = (Z T C (g)) o , we find that g −1 n −1 C o ng = C o and so nT C preserves C, and thus the map nC o → nT C is surjective onto W C . In order to show that the map splits, we notice that the map nC o → nT C satisfies the splitting. To see this, notice that since C o = (Z T C (g)) o , if w ∈ W C then w sends C o → C o , and C o g → C o g, and therefore C → C. In particular we get that the map nT C → nC o is well defined, injective, and we get that the exact sequence splits. COROLLARY A.7. Under the above notations, we have that W (G i ,C)
This is an immediate corollary of Lemma A.6, and the fact that Z G o (C) < T C .
A.2. Regular semisimple elements in cosets.
For a connected linear reductive algebraic group G, an element g ∈ G is called regular semisimple if its centralizer in G o is a maximal torus, and henceforth it is contained in a unique maximal torus. It is known that the set of regular semisimple elements contains an open dense subset. In the following we show a similar result for non connected groups.
Definition A.8. Let G be a linear algebraic group, with G o reductive. We say that a semisimple element g ∈ G is regular, if (Z G o (g)) o is a torus.
Notice that this definition generalizes the definition in the connected case, and that if g ∈ G i , for some coset G i , is regular, then by proposition A.1(ii), g is contained in a unique Cartan subgroup associated to G i . We show now that most elements are regular semisimple. PROPOSITION A.9. Let G be as above, G i a coset of G o , and C < G a Cartan subgroup associated to G i (as in (1) in Section 2.2).
(i) The set of regular semisimple elements in C ∩ G i contains an open dense subset.
(ii) The set of regular semisimple elements in G i contains an open dense subset.
Proof. Recall that a diagonalizable linear algebraic group D, can be decomposed as D D o × F , where F D/D o . Therefore there exists μ ∈ C ∩ G i such that C C o × μ . Furthermore, any element of C ∩ G i is of the form tμ, for t ∈ C o . Denote by n = ord(μ), and let U 1 := {t ∈ C o : t n is regular} Then, Z G o (t) = Z G o (t n ) for all t ∈ U 1 . Notice also that by Remark A.2, U 1 contains an open dense subset of C o . Let tμ ∈ U 1 μ. Then
and therefore if g ∈ (Z G o (tμ)) o , then g ∈ (Z G o (t)) o , and therefore g ∈ (Z G o (μ)) o . Since t ∈ U 1 is regular semisimple, its centralizer in G o is a maximal torus, and therefore Z G o (tμ) is diagonalizable, and its connected component is a torus. To conclude we get that the set {tμ : α(t n ) = 1 ∀α a root of Z G o (C o )} .
To prove (ii), we use the following morphism
Notice that the dimension of both sides is the same. Moreover, since by the definition of a Cartan subgroup, any Cartan subgroup C has a finite index in its normalizer in G o , N G o (C), this map is finite to one, and so the image of G o /C o × U , where Uμ is the set of regular semisimple elements in C ∩ G i , contains an open dense subset of G i .
Following this definition we have the following generalization of the result in [22] : LEMMA B.3. Let G be a linear algebraic group defined over a number field k, such that G o is semisimple. Fix a coset G i of G o , and let G o = G (1,i) ··· G (r,i) as above. Let C be a k-Cartan subgroup associated to G i such that the image of Gal(k C /k) in Aut(X(C o )) contains the image of the Weyl group W (G i ,C). Then
Proof. Let T C = Z G o (C o ) be the unique maximal torus of G o containing C o , and let R = R(G o ,T C ) be the root system of G o with respect to T C . For a k-simple normal subgroup G j , let G j = G j 1 ··· G j m j be its decomposition into absolutely almost simple subgroups, and let R j s = R(G j s ,T C ∩ G j s ) be the corresponding root systems. Denote by Y T = X(T C )⊗ Z Q, and Y C = X(C o )⊗ Z Q. Let g ∈ C ∩ G i (k) be an element such that gC o generates C/C o . Then C o = T g C o , the connected component of the fixed points of T C under conjugation by g. The element g defines an automorphism of Y T induced by the conjugation automorphism on T C , which we denote also by g. Let V j s be the subspace of Y T spanned by R j s , and V (a,i) the direct sum of V j s for G j < G (a,i) ,s = 1,... ,m j . We claim that any subspace of Y T which is invariant under Gal(k C /k) and g is a sum of some V (a,i) . Since C o is a maximal torus in (Z G o (g)) o , we find that Y C is the fixed points of Y T under the g-action. Furthermore, notice that Gal(k/k) acts on Y C , and since C o splits over k C , the action factors through Gal(k C /k). Let Δ be the Dynkin diagram of R, and let τ ∈ Aut(Δ) be an automorphism such the action of g on T coincides with τ , and let v → p(v) = 1 ord(τ ) ord(τ ) n=1 τ (v) be the projection from Y T to Y C . Then p(R) is a root system of Y C with Weyl group W τ = {w ∈ W (R) : wτ = τ w} (cf. [3, Proposition 13.2.2]). We can now finish the proof as in [22] : Since W τ acts irreducibly on the irreducible components of p(R), we get the same for Gal(k C /k) which we assume contains W (H i ,C) ⊃ W τ . Furthermore, since for a fixed j, Gal(k C /k) acts transitively on G (j,i) , we find that any g-invariant subspace which is invariant under Gal(k C /k) must be the sum of some of the V (a,i) . Now if C ⊂ C is a k-subtorus of C o , then it is in particular g-invariant, and therefore ker (res : X(C o ) → X(C )) ⊗ Z Q is a subspace of Y T which is invariant under Gal(k C /k) and g, and thus is of the form ⊕ a∈A V (a,i) ,A ⊂ {1,... ,r}, and hence C is an almost direct product of C o ∩ G (a,i) ,a ∈ A.
The following immediate corollary of this Lemma will allow us to reduce the question of splitting fields of elements into splitting fields of G i − k quasi irreducible Cartan subgroups. COROLLARY B.4. Let G, G i and k be as in Lemma B.3, and assume C is a Cartan subgroup such that W (G i ,C) ⊂ Gal(k C /k). Then for any regular semisimple g ∈ G i (k) ∩ C(k) such that g ord(τ ) has no G i -components of finite order, the
